It is demonstrated that not only gravity, but also neutrostriction forces due to optical potential created by coherent elastic neutron-neutron scattering can hold a neutron star together. The latter forces can be stronger than gravitational ones. The effect of these forces on mass, radius and structure of the neutron star is estimated.
What is neutrostriction
A neutron star is a medium full of flying neutrons. During their flight neutrons interact with each other, and this interaction results in scattering, which is described by scattering amplitude b. The main point is: because of this amplitude the neutron matter for each single neutron can be represented by optical potential [1] V (r) =h
where n(r) is the density of the neutron matter at the point r, m is the neutron mass, and b is the coherent, or averaged over all the neutrons scattering amplitude. Such a potential is very well known in neutron physics. For instance, interaction of neutrons with condensed matter is described by optical potential (1) , where n(r) is number of atoms in a unit volume, and b is the coherent neutron-nucleus scattering amplitude. This potential is called optical, because it gives index of refraction, and leads to such optical phenomena as specular reflection and refraction of neutron waves at matter interface. So the amplitude b entering the potential is the forward scattering amplitude. If b is positive, the potential is repulsive and the matter acts on neutrons like a potential barrier. Because of this barrier neutrons with kinetic energy E k =h 2 k 2 /2m < V cannot penetrate deeply into matter and are totally reflected. So the neutrons with E k < V (they are called ultracold neutrons [2] ) can be stored in closed bottles. The miracle is: though the scattering amplitude b is the result of short range strong interactions, the optical potential V is of long range type, and this long rangeness is manifested in reflection, refraction, diffraction and small angle scattering.
For negative b the potential becomes attractive and the matter acts on a neutron as a potential well. The neutron can be bound into bound states in this well, and according to the third Newton law not only matter holds the neutron, but also the neutron itself holds the matter, i.e. resists it expansion, or, in other words, compresses the matter. This compression can be called neutrostriction.
The scattering amplitude b of different atoms is different, but it is of the order of several fm. In the earth condition the density of matter is of the order 10 23 cm −3 , so the optical potential of matter is of the order 10 −7 eV. In general b is a complex number: b = b ′ c − ib ′′ , where b ′′ according to optical theorem is kσ/4π, k is the neutron wave vector, and σ is the total cross section, including elastic, inelastic, and absorption cross sections. Generally σ is small, and can be even zero, when all the scattering processes are suppressed.
In stars the density is large, and the potential is many orders of magnitude higher than that in the earth conditions. The neutron-neutron scattering amplitude b is negative. In singlet scattering at low energies it is [3] b s ≈ −18 fm, and in triplet state it is zero. Therefore the coherent scattering amplitude is b = b s /4 ≈ −4.5 fm. With negative b the potential (1) is attractive, and for large n(r) the attraction can be higher than the gravitational one, so at some densities you can switch off the gravity, and the star will stay compact. In other words: neutron stars because of neutrostriction can exist even without gravity.
Let's compare gravitational and optical energies of the full star with some constant density. For a star of radius R, mass M and density
the total gravitational energy is
where G is gravitational constant, while the optical energy of all the neutrons is
where N is the total number of neutrons in the star. We see that U opt > U g , for a given M, when
if for |b| we substitute 4.5 fm. This statement holds for any total mass M of the star. With the parameter R 0 we can represent optical energy in the form
We shall consider here only cold stars at zero temperature, when neutrons represent degenerate gas with density
where k F is the neutron wave number at the Fermi level. Then the sum E s of optical u opt and kinetic E F energy of neutrons at the Fermi level can be represented as
and α = 4|b|k c /3π = 9.2. From Eq. (8) it follows that E s < 0, when x > 0.1, i.e. for densities n > 3.7 · 10 36 cm −3 . At the same time dE s /dx < 0 for x > 0.07 or for density n > 2 · 10 36 cm −3 . So, we see that at densities n > 1.1 · 10 36 cm −3 the star starts to compress even without gravity, and even without gravity it collapses up to densities, when repulsive core of nucleon-nucleon interaction comes into play.
Some objections and replies to them
Some doubts, however, can arise here.
1) The scattering amplitude is the result of strong interactions, which is always attractive at distances of the order of 1 fm and repulsive at even smaller distances. This attraction acts at nuclear densities of the order 10 38 cm −3 , and it is responsible for existence of stable nuclei. So, it seems that the attraction is already taken into account in nuclear matter and optical potential is not needed.
To this doubt we can reply that the optical potential (1) is of long range type, so it acts at all the densities, and it is the most important for densities n(r) ≪ 10 38 .
2) The neutron stars are usually consist of degenerate Fermi gas at zero temperature. The scattering in such a case is suppressed, because all the places are occupied and scattered particles cannot find a place for them. So, according to Pauli exclusion principle, there are no scattering at all, and it is senseless to speak about scattering amplitude.
To this doubt we can repeat: suppression of scattering leads to decrease of imaginary part of the scattering amplitude, but does not change its real part. So, the Pauli exclusion principle even helps to create optical potential without losses.
3) The scattering amplitude b is not a constant. At low energy its dependence on energy can be neglected, however, in neutron stars energy of neutrons is high and we cannot neglect
This objection is serious, and we must take the energy dependence into account. According to the theory of effective radius the singlet scattering amplitude can be represented
where a is the radius interaction. If we take a = 1.2 fm, and a s = −18 fm, we obtain
where x = k F /k c , k c = mc/h, and Q = a|b s (0)|k 2 c /2 ≈ 250, which means that energy dependence becomes essential at Qx 2 = 1, or at densities n ≈ 10 36 cm −3 . Now Eq. (8) looks
and nor it nor its derivative never become negative for 0 ≤ x ≤ 1, which means that neutrostriction forces cannot hold the star compact without help of gravity. However, we can again ask ourselves, whether neutrostriction energy can be larger than gravity. To compare them we take into account (4) and (10) and represent the optical energy, like in (6), as
where γ = Qλ 2 c 9π 4m
The requirement |U opt | > 3GM 2 /5R gives
It follows, that for M 2/3 < (1/7)10 22 , or M < 5 · 10 31 g there is some radius R, below which optical energy is larger than gravitational one. So we must take optical interaction into account in calculation of neutron stars, especially for small masses. Calculation of a star means calculation of its mass, M, its radius, R, distribution of matter, or density, ρ(r), inside it, and composition, because the star can contain neutrons, protons, nuclei with mass A and charge Z, and electrons. Here we shall not consider the neutron star in full aspects, and restrict ourselves to the case, when the star consists purely of neutrons. So we shall calculate mass, radius and distribution of density and pressure inside the star, following prescriptions given in a good lecture [4] on neutron stars.
The main factor that keeps all the particles in a star together, is gravity. In elementary physics we know that gravity attracts two mass elements dm 1 = ρ 1 dV 1 and dm 2 = ρ 2 dV 2 at a distance r with the force
where G is the Newtonian gravity constant. However in star physics mass densities ρ i are replaced by energy densities ρ i → ε i /c 2 , where ε includes also kinetic motion of the particles. We shall always deal with nonrotating cold stars with zero temperature, T = 0. It means that motion of particles is determined only by their Fermi distribution.
Pure neutron star without nuclear interactions
The calculations are performed with the help of the Tolman-Oppenheimer-Volkov (TOV) equations. In nonrelativistic Newtonian form they look dp dr
where ε(r) is energy density,
and
With corrections of general relativity Eq. (S1) changes to
where letter S in numeration refers to formulas in the lecture [4] . The nonrelativistic equations are very easily derived. Indeed, let's look at a spherically symmetrical star, shown in fig. 1 . Compression of the star by gravity is opposed by pressure inside it. The difference of pressure forces, [p(r) − p(r + dr)]4πr 2 , at the points r and r + dr is equal to attraction of spherical shell of thickness dr of mass [ε(r)4πr 2 dr]/c 2 by central mass M(r) (Eq. (s3)) inside the sphere of radius r. We shall not derive relativistic Eq. (S4) here, but we shall use it to see how nonrelativistic results deviate from relativistic ones. If we omit optical potential, the energy density of particles is given by their Fermi distribution
where x = k F /k c = 3 n/n c , n is the neutron density at a point r, k c , n c are shown in (9), ε c = mc 2 n c = 5.6 · 10 36 erg/cm 3 ,
f (x) = 9
and we separated factor 1/3 for future convenience. If we include optical potential, we obtain
where a = α/2 = 4.6. Sum of two densities can be represented as
where
The pressure p(r) is related to energy density ε(r) via thermodynamic relation
where U is the total internal energy of a volume element V : U = V ε(n) = V ε(N/V ) of the star at a given point r, T is its temperature, and S is entropy. For T = 0 we obtain
Without optical potential we get p = ε c ϕ(x)/3, where
and again we separated factor 1/3 for future convenience. It is useful to note that
is a simple analytical function.
With optical potential we can represent it as
Functions F (x) and Φ(x) transform to f (x) and ϕ(x), when a goes to zero. Let's introduce some unit radius r 0 , which will be determined soon, and dimensionless coordinate z = r/r 0 . After substitution of (25) and (20) into (S1) and (S2), we obtain
Notice, that it is here, where factor 1/3 becomes useful. Let's introduce the unit of mass
and dimensionless µ(z) = M/M 0 . Then the two equations (26) become
Now we can choose unit of radius r 0 , requiring Table 1 : Parameter x(0) in the first column gives density at the star center n = n c x(0) 3 , parameters z 0 give radius of the star, R = r 0 z 0 , and parameters µ(z 0 ) give mass of the star, M = M 0 µ(z 0 ). Calculations were made with and without optical potential, using Eq-s (S1) and (S2) in nonrelativistic approximation and using Eq-s (S4), (S2) with relativistic corrections.
Taking into account (24) we rewrite them in the form
These equations define function x(z). When we find x(z), we immediately obtain n(r) = x 3 (z)n c , the point z 0 , where x(z 0 ) = 0, radius of the star R = z 0 r 0 and its mass M = M 0 µ(z 0 ). Since the density n c = 3.7·10 39 cm −3 is 25 times larger than the nuclear one, n 0 = 1.6·10 38 cm −3 , then, for not to take into account nuclear forces, we have to look for solutions with x(0) < 1. The results of calculations for 0.1 ≤ x(0) ≤ 0.5 are given in Table 1 . We do not present here the calculated graphs because they are similar to those, presented in the lecture [4] .
Neutron star with nuclear forces
At high densities nuclear interaction comes into play. We shall not discuss here how this nuclear interaction is introduced. We simply borrow the expression for the energy density, which includes nuclear interaction, from lecture [4] . According to (S69) the energy density of symmetrical nuclear matter with equal number of neutrons and protons can be represented as ε sym = mc 2 n c x 3 + 0.3x 5 − 1.5x 6 + 17x 9.336 ,
where we transformed all the factors before powers of x into numbers. Our star is not a symmetrical nuclear matter, because it does not contain protons, and for asymmetrical nuclear matter energy density according to (S86) -(S88) of [4] is
where ∆ε can be represented as ∆ε = mc 2 n c (0.07x 5 + 0.55x 6 ).
Therefore the total nuclear energy density for neutron matter is
Now we want to compare the attractive part of nuclear energy density, ε − = −mc 2 n c 0.95x 6 with optical energy density (19), ε o = mc 2 n c 4.6x 6 /(1 + Qx 2 ). The ratio of optical energy density to the attractive part of nuclear energy density is
and we see that optical energy is larger than the nuclear one for Qx 2 < 4, or x < 0.12, which is equivalent to n < 0.0017n c = 0.04n 0 .
Discussion
The neutrostriction forces indeed can be sometimes larger than gravity, so optical potential must be taken into account in calculation of neutron star. At high densities it can be neglected, but at lower densities it plays an important role. More over the optical potential presents many interesting problems worth of additional research. The optical potential u o is the result of multiple scattering, and in a discreet ordered medium there are some corrections. First the potential u o = 4πnb itself changes to u o /(1 + u o a 2 /4), where a denotes the average distance between particles. For negative u o this correction increases the absolute value of u o . More over the wave vector k because of multiple scattering renormalizes to k (1 + u o a 2 /12)/(1 + u o a 2 /4), i.e. for negative u o it becomes larger than in vacuum.
We did not consider here this effect, More over optical potential presents many interesting problems worth of research.
1. The optical potential u o is the result of multiple scattering, and in a discreet ordered medium there are some corrections [5] . First, the potential u o = 4πnb itself changes to
where a denotes the average distance between particles. For negative u o this correction increases the absolute value of u o . Second, the wave vector k renormalizes to k (1 + u o a 2 /12)/(1 + u o a 2 /4), i.e. for negative u o it becomes larger than in vacuum. It is interesting to investigate to what effects these corrections will lead in neutron stars.
2. The decrease of neutrostriction forces with density is a source of pulsations. The sound speed c s c = dp c 2 dρ = dp dε increases with density, so the period of pulsation decreases with time during compression of the star. However the result is sensitive to parameter Q, which determines energy dependence of b. If this parameter is smaller (say Q =< 100), i.e. energy dependence b(E) is less steep, there is some range of x (see fig. 2 , where the sound speed decreases with increase of density. In this range of x the pulsation period increases with density.
3. The pulsations are especially well understandable, if scattering contains a resonance, as shown in fig. 3 . At some energy the scattering amplitude changes the sign, so for smaller density the optical potential is attractive, and for larger one it becomes repulsive. At the point E, where b(E) = 0 pulsations arise naturally. 4. In the case of resonance we have a mechanism for star explosion. Indeed, if at contraction the density (and therefore Fermi energy) overcomes the resonant point, the strong repulsive optical energy changes to strong attractive one, and a huge energy is released.
5. If b(E) decreases with energy slower (say Q < 85), then the factor F (x)/Φ ′ (x) in Eq.
(33) at some interval of x becomes negative (see fig. 4 . Suppose that it happens in the interval x 1 < x < x 2 . Then for any x(0) > x 2 the density in the star will decrease down to x(z) = x 2 , and after that a periodic structure with wave like variation of density can arise or the density will steeply go to zero near the surface, so a neutron crust is formed. If x 1 < x(0) < x 2 , the density in the star will not decrease from the center, but it will increase up to x(z) = x 2 , and then again a periodic structure with wave like variation of density will arise.
It may happen that in the range of negative compressibility the square of sound velocity is negative (see fig. 4 ), so the sound does not propagate in the medium. It is very interesting to explore the physics of substance in such conditions. 6. We did not consider here the protons, however inclusion of protons will not change our arguments about optical potential, because the coherent neutron-proton scattering amplitude is nearly the same as the neutron-neutron one. At the same time, with protons we must also take into account neutron-proton resonances, which do certainly exist. Their presence can also provide a source of pulsations and explosions.
7. We considered only s-scattering amplitude. However, when the energy (or density) increases, we must also include p-, d-and higher harmonics. The question arises: how will they affect the results.
8. We were speaking here only about neutron stars, but the notion of the optical potential is considerably more widely applicable. It can be used in other stars, in Bose-Einstein condensates, superfluidity and superconductivity, because everywhere we must take into account the coherent atom-atom and atom-electron scattering amplitude.
Of course this list does not exhaust all the possibilities. 
